We propose a hybrid mesh deformation algorithm which uses the direction of the boundary deformation to determine the positions of the interior mesh vertices in the deformed mesh. Our goal is to produce meshes on deformed domains which maintain mesh 'similar' element shape and possess no inverted elements. The hybrid mesh deformation algorithm consists of two steps, anisotropic finite element-based mesh warping (FEMWARP) followed by multiobjective mesh optimization. The first step estimates the interior vertex positions on the deformed mesh using the boundary deformation to choose appropriate partial differential equation (PDE) coefficients in the anisotropic FEMWARP method. As a second step, we find the local optimal mesh with no inverted elements on the deformed domain by employing multiobjective mesh optimization with one term controlling element shape and a second term designed to untangle inverted elements. Numerical results show that our hybrid algorithm outperforms existing mesh deformation algorithms in terms of mesh quality and number of inverted elements and is able to preserve 'similar' element shape on the deformed domain while eliminating inverted elements on the deformed domain.
Introduction
There are numerous applications where discretized geometric domains vary with respect to time such as the solution of Arbitrary-Lagrangian-Eulerian (ALE) flow simulations [1] , deformation of the human face in computer graphics [3] , deformation of sequences of medical images [7, 8] , and deformations in biomedical applications [4, 5] . When these domain deformations occur, the meshes approximating the domain should be updated appropriately with respect to time such that the meshes remain valid. These mesh deformation methods are called mesh warping [17, 25] , mesh morphing [2] , or moving mesh methods [22] . Both mesh deformation and remeshing can be used to generate meshes on deformed domains. However, mesh deformation is preferred to remeshing for many mesh deformation problems, since remeshing could result in the accumulation of large interpolation errors between successive time steps and similar meshes, which have the same connectivity, are desired between successive time steps such that the solution varies smoothly during mesh deformation [17, 18] .
There exist many mesh deformation methods; we focus on mesh deformation algorithms which recompute interior mesh vertex positions after the mesh boundary has been deformed. Our algorithm requirements are twofold: to generate meshes with elements of good element quality including no inverted elements, and to maintain 'similarity' during mesh deformation. An untangled deformed mesh is important since tangled meshes with inverted elements result in physically invalid solutions when standard finite element shape functions are used. Recently, a new finite element method to handle tangled meshes in certain cases was proposed [10] . However, the mesh is not physically valid, and this method can result in a system with poor conditioning when the stiffness matrix is close to singular [10] . Also, there is no guarantee that this method is able to handle highly tangled meshes.
In any case, it is desirable to eliminate inverted elements or to minimize the number of inverted elements before employing this new finite element method. Similarity means identical mesh connectivities and topologies in the deformed mesh as in the initial mesh along with the preservation of general mesh characteristics (e.g., shape, size, or anisotropy) of the original mesh in the deformed mesh. This is important because many applications need a smooth variation of meshes between each time step or iteration [12] , and the initial mesh may have been constructed with anisotropies designed with the particular simulation in mind. For deforming domains, both mesh deformation and remeshing can be used to generate meshes on deformed domains. However, mesh deformation is preferred to remeshing, because remeshing results in the accumulation of large interpolation error between successive time steps and less accurate partial differential equation (PDE) simulation results [6] . Also, remeshing is inefficient compared to updating meshes via mesh deformation.
Researchers have proposed various mesh deformation algorithms based on Laplace's equation, e.g., finite element-based mesh warping (FEMWARP) [11, 17] , weighted Laplacian smoothing [28] , biharmonic partial differential equations [1] , on elasticity [22, 23, 25] , by utilizing an inverse distance weighting function [9] , or by combining vertex movement with other techniques which alter mesh topology [14, 15, 16] . FEMWARP creates elements with good quality for small or moderate boundary deformations and is exact for affine transformations, is easy to implement and scales well with the mesh size. However, FEMWARP ignores information about the nature of the deformation and often generates many inverted elements for anisotropic deformations. The authors in [17] proposed three modifications of FEMWARP: a small-step FEMWARP, mesh refinement, and combining FEMWARP with an optimization-based untangler to address this problem. Small-step FEMWARP can be used to generate untangled meshes on the deformed domain by introducing a pseudo time-stepping of the boundary deformation with steps small enough to prevent the creation of inverted elements in each FEMWARP solution. Although this small-step FEMWARP preserves element connectivities and is able to prevent inverted elements, it does not preserve the original mesh element shapes on the deformed domain. Also, it may not be practical to use this boundary pseudo time-stepping for some applications since it requires a continuous function mapping the old to new boundary vertex positions, which is not always available [17] . The mesh refinement strategy is not always practical since the mesh generation source code is not always available. In addition, more refinement alters the mesh topology, which is undesirable for some applications. The combined approach with FEMWARP and mesh untan-2 gling is also successful in eliminating inverted elements on the deformed mesh. However, it is also unable to preserve the initial mesh element shapes on the deformed mesh. The biharmonic operator method to solve mesh warping problems [1] controls both the normal mesh spacing and the boundary discretization. However, the method is computationally expensive and also does not maintain 'similarity' on the deformed domain. Finally, it does not include a mechanism for eliminating inverted elements if the deformed mesh includes any. The elasticity equation-based methods described in [22, 23] provide a mechanism for decreasing the creation of inverted elements by choosing stiffness coefficients in a problem dependent fashion. Another related elasticity-based approach called Untangling Before Newton (UBN) is proposed for handling large boundary deformations by using the iterative stiffening method [25] . The log-barrier approach for the worst element mesh quality improvement and untangling is also proposed and shows better untangling performance compared with UBN [26, 27] . UBN is also not able to preserve similar element shapes on the deformed domain. There is another category of optimization-based mesh warping algorithms which use the target matrix paradigm (TMP) [12] . These methods are capable of maintaining similarity between initial and deformed meshes for various aspects of the mesh (e.g., shape, size, shape, or anisotropy). However, these methods often have poor convergence characteristics if the mesh undergoes large boundary deformations. Recently, a mesh warping method using triharmonic radial basis functions was proposed [31] . This algorithm is a simple meshless method and simple in that it requires solution of a linear system of equations. Two mesh deformation algorithms using vertex smoothing and edge/face swapping were proposed to deal with large deformations for computational fluid dynamics applications [32] .
All of the methods mentioned thus far suffer from at least one of the following problems: a tendency to produce inverted elements for large boundary deformations, or an inability to preserve features of the initial mesh in the deformed mesh. In this paper, we examine techniques for robustly warping meshes subject to anisotropic boundary deformations which address both of these problems. In Section 2, we review FEMWARP which our method generalizes. Section 3 introduces our two-step hybrid algorithm. The first step is to estimate the internal vertex positions of the deformed mesh using knowledge of the nature of the boundary deformation. We choose the relative weighting of neighbor vertices in our anisotropic FEMWARP method based on the direction of the boundary deformation. We prove that for some simple mesh configurations and certain types of anisotropic deformations, the method we propose will maintain desired properties of the initial mesh independent of the magnitude of the boundary deformation. In more complicated cases, the mesh produced in the first step often possesses some inverted elements, so, as a second step, we propose multiobjective mesh optimization of element shape and element untangling. This step is designed to produce meshes with no inverted elements while maintaining element similarity with the initial mesh. In Section 4, we demonstrate that for several complicated boundary deformations, the first step of our method produces meshes with fewer inverted elements than other existing methods. We also demonstrate that our multiobjective optimization is capable of producing meshes with no inverted elements and preserving characteristics of the initial mesh.
FEMWARP and anisotropic boundary deformation
In this section, we briefly describe the FEMWARP algorithm and motivate our anisotropic FEMWARP algorithm which uses anisotropic PDE coefficients. The reader is referred to [11, 17, 24] for further information on FEMWARP. The warping computed by FEMWARP is equivalent to the application of Laplacian smoothing on mesh deformation problems [29] . We describe the FEMWARP algorithm as applied to 2D geometric domains. The equations can easily be extended to 3D. FEMWARP solves Laplace's equation with a Dirichlet boundary condition which is denoted as
where u = u 0 on the boundary, ∂ Ω. Since FEMWARP only retains the related matrix, any u 0 could be chosen [17] . FEMWARP updates interior vertex positions given a boundary deformation discretized using piecewise linear finite elements [17] . Let B and I be the sets of boundary and interior vertices, respectively. Let N I and N B be the numbers of interior and boundary vertices, respectively. FEMWARP is composed of three steps. The first step is to represent each interior vertex as a linear combination of its neighbors. This step forms the
global stiffness matrix A by assembling the element stiffness matrices on the undeformed domain. By ordering the interior unknowns first and the boundary unknowns second, the matrix A can be partitioned into boundary and interior submatrices 
Let (x I ,ŷ I ) and (x B ,ŷ B ) be the coordinates of interior and boundary vertices on the deformed domain, respectively. The second step is to apply a known boundary deformation to (3), i.e.,
The final step is to compute the coordinates of interior vertices on the deformed domain (x I ,ŷ I ) by solving the updated linear system
for (x I ,ŷ I ). FEMWARP has several advantages over other mesh warping algorithms in that it is simple to implement and is exact for affine boundary deformations [17] . It was reported that FEMWARP is successful in yielding noninverted elements during the mesh updating process for some applications such as a beating canine heart from an atrial pacing experiment [28] and also for shape optimization problems [24] . However, FEMWARP often generates a large number of inverted elements if deformations are not affine and anisotropic deformation occurs in one direction. This is because FEMWARP does not consider the direction of boundary deformation and couples all vertex neighbors equally even if the deformation occurs in only one direction.
We present a motivating example which was used in [1] . The initial mesh and the deformed mesh using FEMWARP are shown in Figure 1(a) and (b) . The initial mesh is uniform and structured on a rectangular domain. Here, the deformation only occurs in the y direction. Figure 1(b) shows the deformed mesh produced by FEMWARP includes 20 inverted elements and has several valid elements with poor quality. This mesh also fails to preserve the element spacing of the initial mesh on the deformed domain. We point out that these inverted elements with poor element shapes occur precisely because FEMWARP couples all neighboring vertices equally when it computes the stiffness matrix and does not consider the direction of the boundary deformation. For this kind of one-directional deformation, it is obvious that we should only connect neighbors aligned in the y direction. In the next subsection, we will show that similarity (here, uniform spacing on the deformed domain) can be achieved using our anisotropic FEMWARP method with judicious choice of coefficients.
Hybrid Mesh Deformation Algorithm
Our hybrid mesh deformation algorithm is composed of two steps. First, we apply anisotropic FEMWARP for determining an initial guess for the interior vertex positions on the deformed domain. The goal of this first step is to preserve the element spacing and to reduce the number of inverted elements on the deformed domain. For this step, we consider the direction of deformation when choosing the PDE coefficients. Similar to other mesh deformation algorithms, anisotropic FEMWARP may produce inverted elements.
So as a second step, we apply multiobjective mesh optimization [18] using a Target Matrix Paradigm (TMP) [12] shape term and an untangling term to find the optimal interior vertex positions on the deformed domain.
Step 1: Anisotropic FEMWARP using anisotropic PDE coefficients
We propose an anisotropic FEMWARP method to solve the mesh deformation problem which is better suited to cases where the initial mesh is anisotropic and/or the deformation is aligned with one coordinate axis. However, this idea can be extended to other kind of deformations (such as a diagonal deformation). For anisotropic FEMWARP in 2D, anisotropy should be represented by a tensor and the PDE used to generate the linear system defining the connection between the interior and boundary vertices is
where T is the anisotropy tensor and u = u 0 on the boundary of Ω, i.e., ∂ Ω. Denote T by
5 Then,
In general, the anisotropy tensor can be diagonalized by rotating it into the principle axis. In this case, (8) reduces to
where
is the diagonalized anisotropy tensor. When (9) is used, it is only applicable for axis-aligned deformations. Here, we assume that both α and β are nonnegative such that an elliptic PDE results, and the finite element method can be used to solve the resulting PDE. In this paper, we will solve (9) instead of solving (6), since we will focus on axis-aligned anisotropic deformations. Anisotropic FEMWARP has a different stiffness matrix, A, compared with that of FEMWARP because different PDE coefficients are employed. It follows the same three steps as FEMWARP, which are explained in Sec. 2, after the stiffness matrix is formulated. The stiffness matrix characterizing anisotropic FEMWARP is a symmetric positive semi-definite matrix. We observed that the condition number of the stiffness matrix for FEMWARP and anisotropic FEMWARP are fairly similar for our axis-aligned mesh deformations. For the moving cylinder example shown in Figure 3 , the condition numbers (2-norm) of the stiffness matrices for FEMWARP and anisotropic FEMWARP are approximately 1.8 × 10 16 and 3.4 × 10 16 , respectively. However, instead of solving a linear system involving A, we solve the linear system in (5) which instead involves A I . This system is solved using the Cholesky factorization method to compute positions of the interior vertices (i.e.,x I andŷ I ) on the deformed domain. For larger meshes, the linear system can be solved with a preconditioned conjugate gradient method. For the same example, the condition numbers of A I for FEMWARP and anisotropic FEMWARP are approximately 2.7 × 10 3 and 3.0 × 10 3 , respectively. Similar results were observed for other test meshes.
Similar to FEMWARP, anisotropic FEMWARP represents each interior vertex as an affine combination of its neighbors; however, anisotropic FEMWARP adaptively changes its weights for each interior vertex with respect to the PDE coefficients, α and β . We will show that this adaptive strategy significantly helps to reduce the number of inverted elements compared with FEMWARP, which always fixes α = 1, β = 1. For extreme cases, if either α or β is zero, we consider only neighbors aligned with the x-axis or y-axis when we formulate A.
How to preserve similar element spacing on the deformed domain? We begin with a discussion of how to maintain similar element spacing between the initial and deformed domains by appropriately choosing the PDE coefficients in (9) . We show that for some simple mesh configurations and certain types of anisotropic deformations, setting one of the PDE coefficients to one 6 (9)). This mesh has 20 inverted elements. (c) Deformed mesh using anisotropic FEMWARP with anisotropic PDE coefficients (α = 0 and β = 1 in (9)). This deformed mesh generated by anisotropic FEMWARP does not have any inverted elements.
and the other to zero in (9) is optimal for maintaining element spacing. In all our experiments in this section, we assume that the initial domain is rectangular and axis aligned, and the mesh is a triangulated structured grid with the grid lines also axis aligned. We begin with the simplest case, i.e., that of uniform vertex spacing equal to h in x and k in y. Referring to the generic triangle in this assumed initial mesh shown in Figure 2 , it is a straightforward exercise to derive the element stiffness matrix for (9) discretized by linear finite elements. Proof. Since α = 0, we can see that the element stiffness matrix in (11) has only nonzeros in the positions connecting vertices A and C, i.e., those vertices with the same x coordinate. Since each element stiffness matrix is structured so that only vertices with the same x coordinate in the original mesh are connected, this characteristic also holds for the global stiffness matrices A I and A B .
With the same assumptions for the domain and mesh characteristics and again choosing α = 0 and β = 1 in (9), we also have Proof. As explained earlier, anisotropic FEMWARP basically follows the same three steps as does FEMWARP in Sec. 2. By (5), A IŷI + A BŷB = 0. Proposition 3.1 allows us to rearrange the linear system A IŷI = −A BŷB into a block tridiagonal system with each independent block consisting of unknown interior vertex coordinates with the same x coordinate and the blocks ordered by increasing mesh y coordinate. After appropriate scaling, each linear system then has the form
where N is the number of vertices in the mesh. The solution to this linear system iŝ
Thus, the y coordinates are equally spaced in the deformed mesh.
If we relax our grid assumptions slightly and allow variable grid spacing in y as a form of anisotropy, then our proposed method still satisfies our desired properties. We assume that the grid spacing in y is given by k l , l = 0 . . . N − 2. Therefore, the undeformed grid y coordinates are 
The solution to this system isŷ
Therefore, the deformed mesh has the same relative grid spacing in y as the undeformed mesh.
Symmetric arguments naturally cover the case of x-axis deformations by setting α = 1 and β = 0. The observation we make is that the choice of setting one coefficient to 0 and the other to 1 in (9) in anisotropic FEMWARP will preserve the original mesh spacing in that direction. Furthermore, for these axis aligned meshes, the decoupling that occurs in the global stiffness matrix construction allows for anisotropic one-dimensional boundary deformations to be easily treated while still preserving the original relative mesh spacing along each grid line in that dimension.
Anisotropic FEMWARP is exact for affine boundary transformations. One of the main advantages of FEMWARP is that this method is exact for affine boundary transformations [17] . We will show that anisotropic FEMWARP is also exact for affine boundary transformations. 
Then, each interior vertex,
Proof. Since anisotropic FEMWARP follows the same three steps as does FEMWARP explained in Sec. 2, the interior vertex positions of anisotropic FEMWARP can be computed as
This means that
Since an affine boundary deformation occurs,
where M is a nonsingular matrix. Substituting (18) into (17) results in
where e B is a vector of size N B with all 1's. In order to show that interior vertices are exact, we need to show that
where e I is a vector of size N I with all 1's. By combining (19) and (20), we need to show that
Similar to FEMWARP, the weights of each interior vertex sum to one, i.e.,
A I e I + A B e B = 0.
Also from (3),
This concludes the proof.
Choosing appropriate PDE coefficients for boundary deformations. Previously, we observed that setting α = 0 and β = 1 in anisotropic FEMWARP algorithm is a good strategy for preserving element spacing for an anisotropic boundary deformation aligned with the y-axis. Similarly, anisotropic FEMWARP with α = 1 and β = 0 is desired when a boundary deformation occurs which is aligned with the x-axis. We now apply this idea to our motivating example shown in Figure 1 and compare it with the performance of FEMWARP, which fixes α = 1 and β = 1. Figure 1 shows a comparison of the meshes produced by FEMWARP and anisotropic FEMW-ARP, respectively. For this example, we chose α = 0 and β = 1 for anisotropic FEMWARP, since the deformation occurs only in the y direction. We observe that the deformed mesh using anisotropic FEMWARP does not have inverted elements, whereas the deformed mesh generated by FEMWARP has 20 inverted elements. Also, we observe that anisotropic FEMWARP is able to preserve similar element spacing on the deformed domain. If either or α or β is zero, there is an effective discontinuity in the deformations. However, we have noticed that anisotropic FEMWARP is effective in decreasing the number of inverted elements in the deformed mesh. Decreasing the number of inverted elements prior to multiobjective mesh optimization is quite important, since untangling is a time-consuming task. For our deformation algorithm, what is important is to obtain a deformed mesh that is close enough to an optimal deform mesh, as the first step of our algorithm computes an approximation to the positions of the interior nodes. Whereas, the second step is designed to find optimal positions of the interior nodes on the deformed domain. Our numerical experiments demonstrate that the proposed algorithm achieves this goal even in the presence of an effective discontinuity.
For anisotropic deformations along one coordinate axis, we set α and β as (24) where N B is the total number of boundary vertices on the mesh. Also, recall that [x k , y k ] are the known boundary coordinates on the initial domain, and [x k ,ŷ k ] are the known boundary coordinates on the deformed domain. This equation is used to detect which axis the deformation occurs.
Extension to 3D meshes. The extension to 3D meshes is natural since one more coefficient term is added, i.e., a term for γ is added for the z-direction. Similar to the 2D cases, we focus on axis-aligned deformations (as opposed to generalized anisotropic deformations). The PDE used to generate the linear system for anisotropic FEMWARP in 3D is
where u = u 0 on the boundary, ∂ Ω. Here, we assume that α, β , and γ are all nonnegative. Similar to the 2D case, we set only one of the PDE coefficients to 1 and the other two coefficients to 0 if deformation occurs that is aligned with the x-, y-, or z-axis in order to preserve similar element spacing. For example, if the deformation only occurs along the z-axis, we set α = 0, β = 0, and γ = 1. If the deformation that occurs is aligned with any of the axes, we follow the same idea in (24), i.e., we set,
(26)
Step 2: Multiobjective mesh optimization of element shape and untangling
Although anisotropic FEMWARP is able to preserve similar element spacing on the deformed domain and produces fewer inverted elements on the deformed domain than does FEMWARP, large deformations still often cause element inversion on the deformed domain. We propose a multiobjective mesh optimization of element shape and untangling to correct this problem. The idea of using multiobjective mesh optimization for mesh quality improvement and mesh untangling was proposed in our previous paper [18] . We employ this multiobjective mesh optimization framework and apply this framework to mesh deformation problems. We focus on preserving similar element shape by employing a target matrix paradigm (TMP) shape metric [12] . Let A i be the Jacobian matrix of the mapping from the reference element to the i th mesh element. The fundamental object used to construct TMP quality metrics is a dimensionless Jacobian matrix denoted T i defined by
where (A def ) i and (A init ) i are the Jacobians of the mappings from the reference element to the actual elements in the deformed and initial domains, respectively. The scale-and rotation-invariant TMP shape metric is defined as
where adj (T ) = det (T ) T −1 and |·| F is the Frobenius norm of the matrix, respectively. The TMP shape metric is zero when the quality of the deformed element is the same as in the initial mesh, which means the element shapes are exactly preserved. Note that other similarity (e.g., size and shape and size) could be preserved by simply changing (28) into other TMP metrics such as TMP size or TMP shape and size metric, which are defined in [21] . In order to eliminate inverted elements, we employ the untangling quality metric which is defined
where V j is the area of the j th element, and δ is a user-defined parameter greater than 0. The optimal δ value is not known, but similar to [13] , we choose δ = 1 for our numerical experiments, since preliminary experiments show that this value results in good untangling results. The untangling beta metric is zero when the mesh element is not inverted. The overall mesh quality computed using the TMP shape metric is
where |E| is the number of mesh elements. Similarly, the overall mesh quality computed by the untangling metric is
Our goal is to simultaneously untangle and improve the element shape on the deformed domain by solving a single optimization problem containing both objectives. We first maximize the cost function between F 1 and F 2 and then minimize the resulting function as a function of the vertex positions. Then, the min-max problem for our mesh deformation optimization problem is
However, (32) is not smooth and has neither a Jacobian nor a Hessian. Therefore, we use the exponential sum multiobjective method [18] to approximate the solution to (32) . The exponential sum multiobjective function approximates the min-max problem by employing the exponential penalty function and is defined
where c is a controlling parameter and is typically chosen between 10 4 and 10 6 [18] . It was proven that the solution to (33) satisfies a sufficient condition of Pareto optimality [20] . One of the main strengths of employing this exponential sum function is it does not require any articulation of preferences between the two objective functions. Similar to [18] , we employ the Fletcher-Reeves nonlinear conjugate gradient (NLCG) method to find a local optimal point in Mesquite [21] . Here, a local optimal point means locally optimal vertex locations on the deformed domain.
Numerical Experiments
We present more realistic unstructured mesh examples in this section. For our second step, i.e., multiobjective mesh optimization, we use Mesquite (version 2.99) [21] . We first consider three examples where anisotropic deformation occurs aligned with the x-or y-axis. We also apply our hybrid mesh deformation algorithms when deformation occurs that is not aligned with either the x-or y-axis (e.g., diagonal deformation). Finally, we apply our hybrid algorithm to the 3D mesh deformation example.
We compare the performance of our hybrid algorithm against that of FEMWARP since we are building on the algorithm. It also performed well in a comparison against other mesh deformation 13 methods [24] . In addition, we compare against the performance of the UBN method since UBN did better than the standard Newton continuation method from the engineering community on large mesh deformations [25] . We make comparisons to several existing mesh warping methods and compare three key features: (1) the number of inverted elements produced, (2) the time to untangle the deformed mesh using our multiobjective mesh optimization with both FEMWARP and anisotropic FEMWARP, and (3) the similarity of the deformed mesh to the original mesh as measured by the TMP shape metric for three different algorithms: FEMWARP, our hybrid algorithm (anisotropic FEMWARP + multiobjective mesh optimization), and UBN [25] . For (1), we will show that the anisotropic FEMWARP produces significantly fewer inverted elements in the first step than other methods and that our second step, i.e., multiobjective mesh optimization, is able to eliminate inverted elements from tangled meshes produced by both FEMWARP and anisotropic FEMWARP. For (2), we will show that since anisotropic FEMWARP reduces the number of inverted elements produced in step one of our algorithm, the convergence time of our second step is improved. Finally, for (3), we show that our hybrid algorithm is able to preserve the element shape of the deformed mesh using the TMP shape metric as a similarity measure. Note that when we compare the performance of our hybrid algorithm with that of UBN, we only use the iterative stiffening aspect of UBN which comes after FEMWARP in the UBN code. The machine employed for this study is equipped with an AMD Quad-core Opteron processor (2.3 GHz) and 32GB of RAM; we use a single core on this machine. We use C++ for the first step of our hybrid algorithm and use Mesquite for the second step of our hybrid algorithm, respectively.
Moving cylinder domain for anisotropic boundary deformation aligned in x-axis
We first consider a moving cylinder example in a channel as [1] for testing anisotropic deformation. We set the coefficients of anisotropic FEMWARP in (9) as α = 1 and β = 0 for this problem since the deformation is aligned with the x-axis. Figure 3 shows the initial mesh, the deformed mesh generated by FEMWARP, the deformed mesh generated by anisotropic FEMWARP (after the first step of hybrid algorithm), and the optimized mesh (after the second step of the hybrid algorithm) on the deformed domain. Figure 3 shows that the deformed mesh generated by FEMWARP has 38 inverted elements around the inner boundary, while our hybrid algorithm does not have any inverted elements. Finally, Fig. 3(d) demonstrates that our hybrid algorithm is able to recover similar element shapes on the deformed domain. Figure 4 compares element qualities measured by the TMP shape metric, which measures similarity between the deformed and the initial elements. A smaller value indicates more similarity with zero meaning the shapes are identical. The quality measure of the worst element using our hybrid algorithm is 80.4% less than the one using UBN and 45.5% less than the one produced by FEMWARP. In addition, our hybrid algorithm produces elements on the deformed domain with significantly better element qualities. Figure 5(a) shows the number of inverted elements for various amounts of translation and (b) the time to untangle inverted elements using multiobjective mesh optimization. This figure shows the number of inverted elements is reduced by up to 91.2% when we employ anisotropic FEMWARP as compared to FEMWARP. Figure 5(b) shows the time to untangle meshes (from Figure 5(a) ) using multiobjective mesh optimization. We observe that starting from a mesh produced by anisotropic FEMWARP, the running time of the optimization step is reduced by up to 90.6% over that of FEMWARP. This is because the mesh from anisotropic FEMWARP has fewer inverted elements than the one produced by FEMWARP. Note that the primary focus of the anisotropic FEMWARP is to yield deformed meshes with fewer inverted elements than the original FEMWARP. Our algorithm is successful in this regard. Efficiency is a secondary concern. 14 When the amount of translation is very large (e.g., when the amount of translation approaches 1 for the moving cylinder example), the deformed mesh is highly tangled. This means that an optimal point (i.e., a local minimum) is far away from the initial position of the deformed mesh. For this case, untangling is very difficult and slow. In addition, the difficulty of mesh untangling problems is measured by the distance from an optimal value as opposed to the number of inverted elements. Thus, it is possible for a mesh to have a small number of inverted elements but be rather difficult to untangle.
A more complicated example with four cylinders is shown in Fig 6. The top two cylinders and bottom two cylinders move in different directions. The output mesh using FEMWARP includes 303 inverted elements, while the output mesh using anisotropic FEMWARP has only 27 inverted elements. Therefore, the output mesh from anisotropic FEMWARP takes less than half of the time (37 seconds) to untangle all inverted elements compared with that of the output mesh from FEMWARP (76 seconds) when our second step of hybrid algorithm is used to untangle inverted elements. Figure 7 shows element qualities on the deformed domain for our hybrid algorithm and for FEMWARP. We observe that the worst element quality using our hybrid algorithm measured by the TMP shape metric is 58.2% better than the one using FEMWARP. For this domain, UBN fails to find the deformed mesh due to numerical tolerance issues. This is because UBN has to solve an additional equilibrium problem for nonlinear elasticity. Also, the hyperelastic model in UBN is not a good model for the deformations under consideration here. 
Moving bar domain for anisotropic boundary deformation aligned along the y-axis
We consider a moving bar example derived from a mechanical engineering problem [22] on unstructured meshes. We choose the coefficients for anisotropic FEMWARP to be α = 0 and β = 1 in (9) for this problem since this deformation is aligned with the y-axis. the initial mesh, the deformed mesh generated by FEMWARP, the deformed mesh generated by anisotropic FEMWARP (after the first step of hybrid algorithm), and the optimized mesh (after the second step of hybrid algorithm) on the deformed domain. These figures clearly show our hybrid algorithm simultaneously preserves similar element shape and eliminates inverted elements on the deformed domain. Also, our anisotropic FEMWARP algorithm (first step) has significantly fewer inverted elements than does FEMWARP and helps to decrease the optimization time in the second step of our hybrid algorithm. Figure 9 shows element qualities on the deformed domain for our hybrid algorithm and for FEMWARP. For this domain, UBN is not able to find the deformed domain due to the singular stiffness matrix. More specifically, this is the result of numerical tolerance issues related to elements with nearly zero area around the inner bar. The worst element quality measure produced by our hybrid algorithm is 93.4% smaller than that produced by FEMWARP. FEMWARP produced 118 inverted elements, while our anisotropic FEMWARP method produced only 17 inverted elements. Figure 10 shows the number of inverted elements with respect to amount of translation and the time to untangle inverted elements using multiobjective mesh optimization, respectively. Similar to the cylinder domain, our anisotropic FEMWARP method has significantly fewer (up to 94.2% fewer) inverted elements after the initial guess step (step 1) and required less time (up to 63.7% less time) to remove the inverted elements using multiobjective mesh optimization than the FEMWARP method.
Moving gate domain for y axis aligned anisotropic boundary deformation
We consider a moving gate domain similar to one described in [22] where deformation occurs on a portion of the outer boundary. We choose coefficients of anisotropic FEMWARP of α = 0 and β = 1 in (9) for this anisotropic boundary deformation, since the boundary deformation is aligned with the x-axis. Figure 11 shows the initial mesh, the deformed mesh generated by FEMWARP, the deformed mesh generated by anisotropic FEMWARP (after the first step of hybrid algorithm), and the optimized mesh (after the second step of the hybrid algorithm) on 17 the deformed domain. This example clearly shows that anisotropic FEMWARP outperforms FEMWARP on problems with very large deformations, such as the ones considered here. A very large number of inverted elements are generated around the center corner (as shown in Fig. 11(b) ), since FEMWARP connects vertices isotropically when the stiffness matrix is formulated. Anisotropic FEMWARP decreases the number of inverted elements by preferentially connecting neighbors aligned with the y-axis.
Similar to previous examples, our hybrid algorithm is successful in preserving element shapes and outperforms FEMWARP as shown in Fig. 12 . Similar to the moving bar example, UBN fails to find the deformed mesh due to numerical tolerance issues. This is the result of numerical issues related to refined elements with small area located near the center corner. Figure 13 shows the number of inverted elements with respect to the amount of translation and the time to untangle inverted elements using multiobjective mesh optimization, respectively. Similar to previous examples, our anisotropic FEMWARP algorithm has significantly (up to 87.5%) fewer inverted elements after the initial guess step (step 1) and required less time (up to 90.6%) to remove the inverted elements using multiobjective mesh optimization.
3D moving sphere domain for z axis aligned anisotropic boundary deformation
We consider a moving sphere in a cube example on 3D unstructured meshes. The inner sphere is moving along the z-axis. We choose the coefficients of anisotropic FEMWARP to be α = 0, β = 0, and γ = 1 in (25) for this problem since this deformation is aligned with the z-axis. Figure 14 shows the initial surface mesh, the initial volume mesh, and the deformed volume mesh (after the second step of the hybrid algorithm) on the deformed domain. Figure 15 shows mesh quality statistics on the deformed domain using our hybrid algorithm and the FEMWARP algorithm, respectively. Again, a smaller value indicates more similarity with zero meaning identical 19 shape. We observe significant quality improvements of our hybrid algorithm over FEMWARP. The worst element quality of the deformed mesh which results from our hybrid algorithm is 86.2% less than the one using FEMWARP. Figure 16 shows the number of inverted elements for various amounts of translation and the time to untangle inverted elements using multiobjective mesh optimization. The overall trend is similar to those seen for 2D examples. Anisotropic FEMWARP significantly helps to reduce the number of inverted elements as a first step. The reduced number of inverted elements decreases the time needed to eliminate inverted elements as a second step. Note that our second step, multiobjective mesh optimization, is able to simultaneously untangle inverted elements and improve mesh quality on the deformed domain for both FEMWARP and anisotropic FEMWARP.
3D moving hook domain for y axis aligned anisotropic boundary deformation
We consider a 3D moving hook example using 3D unstructured meshes. The initial and deformed meshes are shown in Figure 17 (a) and (b), respectively. For this example, we choose α=0, β =1, γ=0 for anisotropic FEMWARP since deformation only occurs along the y-axis. Specifically, the upper right part of the hook shrinks by 0.85 along the y-axis, and the center part of the hook translates by 1 along the y-axis. Similar to the previous 3D cube example, anisotropic FEMWARP yields a deformed mesh with fewer inverted elements compared with FEMWARP. The output mesh using FEMWARP results in 30 inverted elements, while the output mesh using aniostropic FEMWARP produces 15 inverted elements. For this reason, our multiobjective mesh optimization with anisotropic FEMWARP takes 30.2% less time to eliminate inverted elements on the deformed mesh than with FEMWARP. We observe significant quality improvements in the deformed meshes when using our hybrid algorithm instead of FEMWARP. The average and worst element quality of the deformed mesh which results from our hybrid algorithm are 92.8% and 96.5% less than the one using FEMWARP.
3D bore domain for a non-rigid boundary deformation
Previously, we focused on anisotropic deformations where deformation occurs along one coordinate axis and used anisotropic FEMWARP to handle axis-aligned deformations. We now consider a non-axis aligned mesh deformation problem for shape optimization on 3D geometric domains [24, 31] . For shape optimization problems, mesh deformation algorithms are often used to find the new locations of vertices on the deformed domain. The initial bore and deformed bore meshes are shown in Figure 18 . These meshes contain 109,535 elements. For the bore domain with the non-rigid boundary deformation, we employ FEMWARP followed by multiobjective mesh optimization since the current formulation of anisotropic FEMWARP can only handle axisaligned deformations. We observe that the combination of FEMWARP and multiobjective mesh optimization does well for non-rigid boundary deformations. In the future, we plan to generalize anisotropic FEMWARP to handle more general deformations.
We observed that FEMWARP results in a deformed mesh with 13 inverted elements. After performing our second step, the average and worst element quality of the deformed mesh which results from our hybrid algorithm are 9.6% and 99.5% less than the one using FEMWARP.
Effect of Mesh Refinement on the Hybrid Mesh Deformation Algorithm
In this section, we study the effect of mesh refinement on our hybrid mesh deformation algorithm to investigate the robustness of the proposed mesh deformation algorithm. The initial cylinder mesh shown in Figure 3(a) is refined as shown in Figure 19 FEMWARP and FEMWARP result in 2 and 95 inverted elements, respectively. When the multiobjective mesh optimization method is used to untangle the mesh, anisotropic FEMWARP takes only one second, whereas FEMWARP takes 14.2 seconds to untangle the mesh. The final output mesh using our hybrid mesh deformation algorithm is shown in Figure19(b). We observe that our hybrid mesh deformation algorithm is able to preserve good element shape after deformation. For the moving bar domain, we also perform a mesh refinement study. The initial bar mesh shown in Figure 8 (a) is refined as shown in Figure 19 (c). Anisotropic FEMWARP and FEMWARP result in 16 and 177 inverted elements after deformation, and anisotropic FEMWARP takes 40.2% less time to untangle the mesh when multiobjective mesh optimization is used to untangle. The final output mesh using the proposed mesh deformation algorithm is shown in Figure 19 (d). Due to a lack of space, we do not report the numerical results for other refined meshes; however, similarly, we observe robustness of the proposed mesh deformation algorithm with respect to mesh refinement.
Conclusions
We propose a new hybrid mesh deformation algorithm for computing the interior vertex positions of unstructured meshes subject to anisotropic boundary deformations. The aim of this method is to overcome the shortcomings of existing mesh warping methods, namely the propensity for creating inverted elements when the boundary deformation is large and the inability to maintain qualities of the initial mesh in the deformed mesh. Our first step is an anisotropic FEMWARP method which computes an initial guess for the interior vertex positions and has proven to exactly preserve initial mesh characteristics for a restricted class of meshes and deformation types. Numerical examples demonstrate the suitability of this method for more general meshes and deformations. Of particular importance is that this first step produces meshes with fewer inverted elements then the original FEMWARP method. The second step of our method performs a multiobjective optimization of element shape and untangling to both untangle the mesh produced in the first step and to recover the initial mesh characteristics in the deformed mesh. Our numerical examples show the robustness of this optimization method to produce valid meshes which maintain similar element shape. Our numerical experiments have also demonstrated the importance of reducing the number of inverted elements before multiobjective optimization when attempting to minimize the time to solution. There are several interesting ideas worth exploring which will be the subject of subsequent papers. These include attempting to capture some aspects of the initial mesh characteristics in the linear system solved to generate the initial guess for the interior vertex positions. The TMP framework provides a natural way to express these characteristics and can be used to set up such a linear system. Additional work also remains in providing either better heuristics or a more formalized mechanism for computing coefficients in the anisotropic FEMWARP method based on the nature of the boundary deformation. We suspect that our efforts in this direction are but a first step toward a more general solution. We also plan to generalize our results to handle general anisotropic mesh deformations by solving (6) instead of solving (9) .
